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Abstract 

Based on the recently introduced uniform A— adjustment for closed subspaces of Banach 
spaces we extend the concept of the strictly singular and finitely strictly singular operators 
to the sequences of closed subspaces and operators in Banach spaces and prove theorems 
about lower semi-Predholm stability. We also state some new open questions related to strict 
singularity and the geometry of Banach spaces. 

1 Introduction 

In the current paper we extend uniform A— adjustment introduced recently in the author's work 
[2] in order to encompass strictly singular and finitely strictly singular operators as well as strictly 
singular pairs of subspaces. 

In [2] we defined the concept of uniform A— adjustment between sequences of subspaces of 
a Banach space that generalizes many of the previously known perturbations of closed sub- 
spaces and closed operators including perturbations by small gap, operator norm, q— norm, and 
Ki— approximation. It had been proved that perturbations with small A— adjustment numbers 
preserve (semi-)Fredholm properties of linear operators as well as of pairs, tuples and complexes 
of closed subspaces. 

Strictly singular operators were first introduced by T. Kato in (9], strictly cosingular operators 
were first introduced by A. Pelczyhski in [15] - these concepts generalize compact operators and 
preserve (semi-)Fredholm properties of linear operators (see P. Aiena [TJ for an overview). Later 
M. Gonzales in [8] extended these concepts to the pairs of closed subspaces. A proper subclass of 
strictly singular operators - finitely strictly singular operators - had been defined and researched 
in V. D. Milman [13| an d B. Sari, Th. Schlumprecht, N. Tomczak-Jaegermann, V. G. Troitsky 

nsi- 

The goal of the present work is to combine the ideas and results of strictly singular theory 
with uniform A— adjustment. First, after recalling the concepts of uniform A— adjustment and 
strict singularity, we define strictly singular and finitely strictly singular uniform A— adjustment 
between sequences of closed subspaces. After that, we establish that the new concepts encompass 
strictly singular and finitely strictly singular linear operators as well as strictly singular pairs of 
subspaces, and that they are weaker than the previously considered uniform A— adjustment. Then 
we prove the lower semi-Fredholm stability for sequences of pairs of subspaces, as well as for 
sequences of operators. In conclusion we discuss relaxed strict singularity, as well as a relation of 
strict singularity to the geometry of Banach spaces. 
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2.1 Notational Conventions 

N is a set of natural numbers, N is an infinite subset of N, N is an infinite subset of N , etc. 
When the number of nested subsets becomes high, we denote the subset at depth nasN" 

N D N' D N" D N'" D N' 4 D N 5 D ... 

A sequence of elements enumerated by elements n £ N is denoted by (e n ) N ' . 

If (M„) N < is a sequence of non-empty sets and (x„) N ' is a sequence of elements such that 
x n £ M n for n £ N , then we say that (a; n ) N / is from (M n ) N « and write (x„) N ' < (M„) N /. 

If (i4T n ) N ' is a sequence of subsets such that K n C M„ for n £ N , then we say that 
(ifn)N' ^ from (M n ) N ' and write (#„) N ' -<! 

A vector a; from a unit sphere of a Banach space X is called a unit vector; a sequence of unit 
vectors (x n ) N ' is called a unit sequence. 

All subspaces and operators in Banach spaces are meant to be linear. 

A null element of a Banach space is denoted by 9\ a null subspace of a Banach space - the one 
that consists of a single element 9 - is denoted by {9}; a null operator from a Banach space X to 
a Banach space Y - the one that maps every vector from X into 9 from Y - is also denoted by 9. 

If X 1 , ...,X k are k > 2 Banach spaces, then their direct product Y\.i=i X 1 = X 1 x • • • x X k 
is a Banach space of ordered k— tuples (x 1 , ...,x k ) such that x % £ X % for each i — 1, k; the norm 
on rii=i is defined as maxilla; 1 ]] , ||x fe }« 

If X and Y are two Banach spaces, then C(X, Y) is a set of closed linear operators - those which 
graphs are closed in the product space X x Y; domain dom(A) of a closed operator A £ C(X,Y) 
may be a proper subspace of X. 

By B(X, Y) we denote a Banach space, furnished with operator norm, of continuous (i.e. 
bounded) operators defined on all X and acting into Y; IC(X, Y) is a space of all compact operators. 
Note inclusions 

K{X,Y) c B(X,Y) c C(X,Y). 

Dimension of a Banach space X, denoted by dim A, is the power of a maximal set of linearly 
independent vectors; if it is not finite, then we write dim A = oo. When dimension numbers are 
finite, their addition and subtraction follow usual rules of arithmetics; when at least one of the 
dimensions is oo, then by definition the result of any addition or subtraction is oo as well. 

3 Uniform A— Adjustment and Strict Singularity 

In this section we first recall the definitions of uniform A— adjustment of subspaces and operators, 
strictly singular operators and pairs of subspaces as well as finitely strictly singular operators. Then 
we define the new concepts of strictly singular and finitely strictly singular uniform A— adjustment 
of subspaces and operators. After that, we show that the latter concepts encompass the former 
ones and provide some examples of strictly singular and finitely strictly singular A— adjustment. 

3.1 Uniform A— Adjustment of Subspaces and Operators 

The following definitions of the uniform A— adjustment had been first introduced in [2]. 

Definition 3.1.1 (Uniform A— Adjustment of Sequences of Subspaces). Let (M„) N < and (P ra ) N ' 
be a pair of sequences of closed subspaces from a Banach space X , M n ^ {9} for all n £ N and 
A > 0. We say that (M„) N < is lower uniformly A — adjusted with (P n )®' if for any r\ > and for 
any unit subsequence (x„) N " from (Af n ) N » there exists a subsequence (y n ) N "' from (P„) N "/ and a 
vector z £ X such that 

lim —y n — z\\ < X + rj. 
The uniform A— adjustment between (M„) N < and (P n ) N ' is a non-negative real number defined as 
X N >[M n , P n ] := inf{A £ R | (M n ) N > is lower uniformly A— adjusted with (P n )jq'}- 
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Also, by definition 

A N ' [M, P n ] := X N > [M n ,P n ] where M = M n for n G N' , 

A N ' [M n , P] := A N ' [M n ,P n ] w/iere P = P n /or n £ N , 

X[M, P] := A N ' [M„, P„] w/iere P = P„ and M = M n for n G N . 

Definition 3.1.2 (Uniform A— Adjustment of Sequences of Closed Linear Operators). Let X and 
Y are two Banach spaces. Consider (yl n ) N < and (P„) N ' - a pair of sequences of operators from 
C{X,Y), as well as (Ga„)^' and (Gb u )^' - sequences of their respective graphs in the product 
space X xY (recall that a graph of a closed operator A G C(X, Y) is a closed subspace of X x Y 
defined as set of ordered pairs {(x,Ax) \ x G Dom(A) C X}). 

We say that (A n ) N i is lower uniformly A — adjusted with (B n ) N > if the sequence of graphs 
(G J 4 n ) N ' is lower uniformly X — adjusted with the sequence of graphs (Gs„) N ' in the product space 
X xV. 

The uniform A— adjustment between (A n ) N > and (P„) N ' is defined as uniform X— adjustment 
between their sequences of graphs: 

X N '[A n ,B n ] :— A N ' [Ga„, Gb„]- 

Also, by definition 

X N > [A, B n ] := X N > [A n ,B„] where A = A n for nE N , 
A N < [An, B] := A N < [A n ,B n ] where B = B n for n£ N , 
X[A, B] := A N ' [A n ,B n ] where A = A n and B = B n for n G N' . 

For detailed discussion on A— adjustment see [2\ where it is proved that perturbations by small 
gap, small Hausdorf measure of non-compactness, small norm, as well as K^— approximation are 
all particular cases of A— adjustment and that a variety of (semi-)Fredholm stability theorems 
remain true in the context of A— adjustment. 

3.2 Strictly Singular and Finitely Strictly Singular Operators and Pairs 
of Subspaces 

The following definition of a strictly singular operator is due to T. Kato [9]: 

Definition 3.2.1 (Strictly Singular Operator). If X,Y are two Banach spaces then operator 
A G B(X,Y) is called a strictly singular operator if for every e > and for every closed subspace 
Z C X with diiaZ = oo there exists z G Z such that \\Tz\\ < e \\z\\. In other words A's restriction 
on any closed subspace Z C X with dim Z = oo is not an isomorphism between Z and A(Z). The 
set of strictly singular operators from B{X, Y) is denoted as SS{X, Y). 

In |9] T. Kato had proved Fredholm stability theorem for perturbations by strictly singular 
operators. Also, it is well known that 

K{X,Y) c SS{X,Y) c B{X,Y) 

and that in general each inclusion is proper (see P. Aiena [TJ, S. Goldberg, E. Thorp [6] and S. 
Goldberg [7]. 

The next version of strict singularity for subspaces had first appeared in M. Gonzales jS]: 

Definition 3.2.2 (Strictly Singular Pair of Subspaces). Let M,N be a pair of closed subspaces 
from a Banach space X. Denote Qn to be a canonical surjection from X onto a quotient space 
X/N, also denote Jm to be an identity injection from M into X. We say that the pair (M,N) 
belongs to the class of strictly singular operators if Qn ° Jm G SS(M, X/N). 



4 



3 UNIFORM X- ADJUSTMENT AND STRICT SINGULARITY 



In |E] M. Gonzales proved (semi-)Fredholm stability theorems for pairs belonging to the class 
of strictly singular operators. 

The next refinement of strict singularity - finitely strictly singular operators - is due to V. D. 
Milman [13] and B. Sari, Th. Schlumprecht, N. Tomczak-Jaegermann, V. G. Troitsky |18| : 

Definition 3.2.3 (Finitely Strictly Singular Operator). IfX,Y are two Banach spaces then oper- 
ator A € B(X, Y) is called a finitely strictly singular operator if for every e > there exists n £ N 
such that for every subspace Z C X with divaZ > n there exists z £ Z such that \\Az\\ < e \\z\\. 
The set of all finitely strictly singular operators from B(X, Y) is denoted as TSS(X, Y). 

It is well known (see [18]) that 

K,(X,Y) C TSS(X,Y) c SS(X,Y) 
and that in general inclusions are proper (see also V. D. Milman [13], A. Plichko |17]1. 

3.3 Strictly Singular Uniform A— Adjustment for Sequences of Subspaces 

Having just recalled in the previous subsection the existing concepts of uniform A— adjustment 
and strict singularity, we combine them together in the following two definitions. 

Definition 3.3.1 (Strictly Singular Uniform A— Adjustment). Let (M n ) N > and (P n ) N ' be a pair of 
sequences of closed subspaces from a Banach space X, M n ^ {9} for all n £ N and A > 0. Then 
the following definitions are in order: 

1. We say that (M„) N ' is lower strictly singular uniformly A — adjusted with (Pn)pj' *// or 
any subsequence of closed subspaces -< (M„) N " such that 6ivnK n — oo for all n £ N" 
there exists a subsequence of closed subspaces (L n ) N '" -< (K n ) N "' such that dimL„ = oo for 
all n £ N'" with the property A N "' [L n , P n ] < A. Let SS A N ' [M n , P n ] be the set of all such real 
numbers A; then the strictly singular uniform X— adjustment between (M n ) N » and {P n )^' 
is a non-negative real number defined as 

SS\ n ,[M n ,P n ] := m£{XeSSA^[M n ,P n ]}. 

2. We say that (M„) N ' is lower finitely strictly singular uniformly A — adjusted with (Pn)^' 
if for any subsequence of subspaces (K n )^» -< (Af„) N " such that &ivaK n < oo for all n £ N" 
and lim ngN " dim_ftT„ = oo there exists a subsequence of subspaces (L n ) N >" -< (K n ) N m such 
that lim n6N '" dimL„ = oo with the property A N '" [L n , P n ] < A. Let J-SSA^i [M n , P n ] be the 
set of all such real numbers X; then the finitely strictly singular uniform A— adjustment 
between (M n ) N ' and (P n ) N ' is a non-negative real number defined as 

FSSX N ,[M n ,P n ] := inf{AG FSSA N ,[M n ,P n ]}. 

As it has been noted in p a , \™i[M n ,P n ] < 1 for any two sequences of subspaces (M„) N < and 
(P„) N /. It is easy to see that both numbers SS A N < [M n , P n ] and TSSX^/ [M n , P n ] are well defined 
and do not exceed A N ' [M„, P n ] - to check that choose L n — K n for all n £ N for every case. In 
summary, the following lemma is true: 

Lemma 3.3.2 (Strictly Singular Uniform A— Adjustment is Well Defined). Let (M„) N ' and (P ra ) N ' 
be a pair of sequences of closed subspaces from a Banach space X, M n ^ {9} for all n £ N . 
Then both numbers SSX N ' [M n , P n ] and J-SSX N > [M n , P n ] are well defined and satisfy the following 
relations 

< mm(SSX N ,[M n ,P n }, FSSX N ,[M n , P„]) 

< max(SS\ w [M n ,P n ], FSS\^[M n ,P n ]) < A N /[M„,P„] < 1. 
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Remark 3.3.3. It is obvious that for every sequence of finite-dimensional subspaces (i?„) N ' C X 
and for any two sequences of closed subspaces (M„) N / , (P n ) N ' C X 

SS\ N ,[M n + R n ,P n ] = SS\ n ,[M n ,P n ], 

Similarly, it is obvious that if lim dim R n < oo then TSSX^i [R n , {0}] = 0. Moreover, for the same 
(i?„) N ' and for any two sequences of closed subspaces (M„) N ' , (-P„) N ' C X 

FSS\ N ,[M n + R n ,P n ] = FSS\ N ,[M n ,P n }. 

Example 3.3.4. In general SSX N > [M n , P n ] ^ X n > [M n ,P n ] and TSSX fi > [M n ,P n ] ^ X w [M n , P n ]. 

Proof. Consider a partition of the set of natural numbers N into an infinite sequence of disjoint 
non-empty finite subsets 

N = U B »' Bn ^ f° r al1 n e N ' Bi fl B J ' = f° r 1 ^ 

Define closed subspaces M n C loo consisting of sequences (a™)j E N which components with indices 
from N\B n are null: 

M n := {«) i£N e loo | * ^ S„ =► a? = 0}. 

It had been shown in example 2.4.1 from [2] that Xj$[M n) {9}] — 1/2. At the same time, if all 
sets B n are finite, then dim£>„ = cardB n where cardB n is the number of elements in B n , thus 
SSX N [M n , {6}} = 0. Further, if cardB n < K < oo for all n, then J"<S<SA N [M n , {0}] =0. □ 

Definition 3.3.5 (Notation for Single Subspaces). The following definitions extend notation for 
cases when one or both sequences of subspaces degenerate to a single subspace: 

• if M — M n for all n € N then 

FSS\ N ,[M,P n ] := FSS\ n ,[M n ,P n ], SS\ N ,[M,P n ] := SSX N ,[M n , P n }; 

• if P = P n for all n G N then 

FSS\ N ,[M n ,P] := FSS\tf[M n ,P n ], SSX N '[M n ,P] := SSX^[M n ,P n ]\ 

• if M — M n and P — P n for all n £ N then 

FSSX[M,P] := FSS\rf[M n ,P n ], SS\[M,P] := SSX w [M n ,P n ]. 

3.4 Strictly Singular Uniform A— Adjustment for Sequences of Opera- 
tors 

Our final two definitions induce strictly singular and finitely strictly singular A— adjustment from 
closed subspaces to closed linear operators in a usual way by applying subspace concepts to the 
operator graphs in the product space. 

Definition 3.4.1 (Strictly Singular Uniform A— Adjustment of Sequences of Closed Linear Oper- 
ators). Let X and Y are two Banach spaces. Consider (A n ) N > and (B n ) N ' - a pair of sequences 
of operators from C{X, Y), as well as (Ga„)^' and (G\B„)rj' - sequences of their respective graphs 
in the product space X X Y . 

• We say that (A n ) N i is lower strictly singular lower uniformly X— adjusted with (_B„) N / 
if the sequence of graphs (G^ n ) N ' is lower strictly singular uniformly A— adjusted with the 
sequence of graphs (Gb„)^' in the product space X x Y. The lower strictly singular uni- 
form A— adjustment between (A n ) N ' and (B n ) N ' is defined as lower strictly singular uniform 
A— adjustment between their sequences of graphs: 

SSX N '[A n , B n ) :— SSX N '[GA n ,GB n }- 
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• We say that (A n ) N ' is lower finitely strictly singular lower uniformly X— adjusted with 
(B n )w if the sequence of graphs (GU n )«/ is lower finitely strictly singular uniformly X— adjusted 
with the sequence of graphs (Gs re ) N ' in the product space X x Y. The lower finitely strictly 
singular uniform A— adjustment between (A n )»< and (B n )™t is defined as lower finitely strictly 
singular uniform A— adjustment between their sequences of graphs: 

TSSX n ' [A n , B n ] :— TSSX^IGa^jGb,,]- 

Definition 3.4.2 (Notation for Single Operators). The following definitions extend notation for 
cases when one or both sequences of operators degenerate to a single operator: 

• if A = A n for all n € N then 

!FSSX^'[A,B n ] := !FSSX n r[A n ,B n ], SSX N >[A, B n ] := SSX n >[A n ,B n ]; 

• if B = B n for all n € N then 

FSSX^ [An, B] := FSSX^/ [A n , B n ], SSX N > [A n , B] := SSX N >[A n , B n ]; 

• if A — A n and B = B n for all n € N then 

TSSX[A,B] := FSSX n ,[A n ,B n ], SSX[A,B] := SSX w [A n ,B n }. 

We now establish relation between strict singularity of a bounded operator with its strictly 
singular 0— adjustment with the null operator. 

Lemma 3.4.3 (Strict Singularity of Bounded Operators Implies Their Strictly Singular 0— Adjustment 
with the Null Operator). Let X,Y be two Banach spaces and (A n ) n > C SS(X,Y). Then 
SSXtf[A n ,0] =0. 

Proof. First recall the measure of strict singularity A(A) for a bounded operator A £ B(X, Y) 
introduced by M. Schechter in |19j : 

A(A) = sup inf {\\A \ N \\ \ N C M c X, dimN = dimM = oo}. 

M N 

It has been proved in [19] that operator A is strictly singular if and only if A (A) = 0. It is also clear 
by the straight application of the definitions that SSX N ' [A n , 8] < lim ngN / A(A n ) for any sequence 
of bounded operators (An)^' c B(X, Y). Therefore, if all A n are strictly singular then 

< SSX n <[A n ,6] < Ik A(i„) = 0, 

nSN' 

thus SSX[A, 6] = 0. □ 

Example 3.4.4. [Strictly singular adjustment does not imply strict singularity] When a sequence 
of operators is lower strictly singular A— adjusted with the null operator, then individual operators 
from the sequence themselves do not need to be strictly singular. 

Proof. Consider subspaces M n from 1^ from the previous Example |3.3.4| and define a natural 
projection P n : l^ — > M n . By the reasoning from the Example 2.4.1 from |2] it is clear that 
An[-Pk, {0}] = \ yet when cardB n = oo then none of the projections P n is strictly singular - in 
fact its Schechter measure of strict singularity A(P„) is equal to 1. □ 

Now we show that strictly singular 0— adjustment is weaker than the membership of a pair of 
subspaces in the class of strictly singular operators. 
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Lemma 3.4.5 (A Pair of Subspaces from Strictly Singular Class is Strictly Singularly 0— Adjusted). 
If (M, N) is a pair of closed subspaces from a Banach space X that belongs to the class of strictly 



singular operators (see Definition 3.2.2) then SSX[M, N] = 0. 



Proof. Let Qm be the canonical surjection from X onto a quotient space X/N and Jm be the iden- 
tity injection from M into X. Then by the lemma's condition operator Qn ° Jm £ SS(M,X/N). 



Therefore, according to the previous Lemma 3.4.3 SSX[Qn ° Jm, 0] = 0. By the straight applica- 



tion of definition of A— adjustment to the graph of Qn ° Jm it is easy to see that SSX[M, N] = 0. 

□ 

Remark 3.4.6. It is easy to see that if (C„) N ' C B(X,Y) is a sequence of finite rank operators, 
then for any pair of sequences of operators (A„)»< , (£?„) N ' C C(X, V) 

SSX N '[A n ,B n ] = SSX N '[A n + C n , B n ], 
If in addition the ranks of all C n are limited from above, then 

J : SSX N ' [A n , B n ] = J-SSX N ' [A n + C n , B n ]. 

Also if\\C n \\ — > 0, then 

SSX N > [A n , B n ] — SSX N > [A n + C n , B n ], FSSXj^^An, B n ] = J-SSX N >[A n + C n ,B n ]. 

Also it is easy to see that if A G B(X, Y), (B n ) n > C B(X, Y) and FSSX N > [B n , 0} = 0, 
then TSSXjq* [A + B n , A] = 0. 

Next we prove the following: 

Lemma 3.4.7 (Finitely Strict Singularity of a Bounded Operator Implies its Finitely Strictly Sin- 
gular 0— Adjustment with a Null Operator). Let X, Y be two Banach spaces and A € !FSS(X, Y). 
Then TSSX[A, 9} = 0. 

Proof. Consider a number rj > and a subsequence of closed subspaces (K n ) N » from Ga such that 
dim K n < oo for all n £ N" and lim ngN " dim K n = oo - our goal is to find a subsequence of closed 
subspaces (L n ) N '» -< (i4T„) N "/ such that lim ragN »/ dimi„ = oo with the property X N >>>[L n ,8] < rj. 
For that purpose define D n = {x € X \ (x, Ax) S K n } for each n S N" and suppose that we have 
found a subsequence of subspaces (i?„) N '» -< (D n ) N '" such that lim ngN '" dimi?„ = oo and that 
\\A \n n || < r\ for every n E N . Then we can define L n to be a graph of the restriction of A onto 
R n - it is easy to see that X N >"[L n ,0] < r\ since if {x n , Ax n \i' i < (Ln)®'* ls a unit sequence then 
one can choose (y n )m'4 C Gq as (x n , Q)w'4 and z £ (X, Y) as (6*, 9) so that for every n £ N 4 

\\(x n , Ax n ) - y n - z\\ = \\(x n ,Ax n ) - (x n ,9) - (0,0)\\ = \\(0,Ax n )\\ < r\. 

The above inequality means that X®"'[L n ,6] < rj. Since r/ can be arbitrarily small, we must 
conclude that FSSX[A, 0] = 0. 

Now let us enumerate the elements from N = {ki < k 2 < ... < k n < ■■■} and build the sub- 
sequence of numbers {r\ <r2<...<r„<...} = N cN and a sequence of needed subspaces 
(R n ) N "> -< (Dn) N "> by induction. 

Since A is finitely strictly singular, there exists a number r £ N such that for every subspace 
R C X with dimi? > r there exists a unit vector x r £ R such that ||^4ar r || < rj. Therefore, since 
lim fegN » dim = oo we can find r\ = minjfc £ N | dim > r}, then we can choose a unit vector 
x ri £ D Tl such that HAzvJI < rj and construct a one-dimensional subspace R ri — sp{x ri } C D ri . 

Suppose we have constructed j > 1 numbers {n < r 2 < ... < rj} C N and j subspaces R ri C D ri 
such that II A \r t || < rj and dimi? n = i for i = 1,2, j. Our goal now is to find a new number 



rj+i £ N and a new subspace R rj+1 C D rj+1 such that rj+i > rj, 
dimi? r = j + 1. 



< rj and 
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Since A is finitely strictly singular, there exists a number r £ N such that for every subspace 
R C X with dimi? > r there exists a unit vector x r £ R such that ||Az; r || < r]2~( 3+1 >. Therefore, 
since lim fc6N " dimZ)^ = 00 we can find r^+i = minjfc £ N | dimDfe > r + j + 1}, then we can 



choose a unit vector xl £ D r ,, such that 
1 j+i j+ l 



Ax r 



< 2 ( J+1 )?7. By the Hahn-Banach theorem 



there exists a continuous unit functional fi £ D* such that fixl — 1. The kernel of that func- 
tional iVi = Kerfi has dimension dim — 1 > r + j > r. Therefore, we may find another unit 



vector xl £ Ni such that 



Ax^. . 



< 2 v +1 >r], As before, by the Hahn-Banach theorem there 



exists a continuous unit functional f 2 £ AT* such that = 1. The kernel of that functional 

N 2 = Kerf 2 has dimension dirnD^. — 2 > r + j — 1. Clearly we can continue this at least j + 1 



times thus constructing a set of j + 1 finite-dimensional subspaces D r 



iV 3 Ni D ... D Nj 



with the set of j + 1 unit vectors ccj- +1 £ 2Vj_i so that A^_i = sp{a;i} ® iVj for each i—1, j + 1. 

Now define a projection Pi : Ni-i — > sp{xi} with the kernel Ni for each i = 1, j + 1. Fi- 
nally define a new (j + 1)— dimensional subspace R rj+1 — sp{x\. , x^ 1 }. Now let us prove that 
|| Ax 1 1 < r\ for any unit vector x £ R rj+1 ■ For that decompose x = ^ ctiX l r . into the sum of its j + 1 
coordinates and calculate 



\Ax\\ = 



3+1 
A^a^.) 
=1 



3+1 

< Ei 

2 = 1 



Ax, r 



< 2 



-O'+i) 



77 x 



j+i 

E 



However, it is clear 
|a,-| = o P^) o ... 

z = 2, j + 1. Therefore, for the same i 



from our construction that \a>i\ = \\Pix\\ — 1 and 
o (/i — Pi)x|| where Zj : Ni — > Afj is the identity map for each 



m < iiPiiix(nii^-^-ii)xiNi = 1 x en ni, -^ii) x 1 



3=1 



< n™ +11^11) = n( i+i ) = 2 ^ i] 

3=1 3=1 
since ||Pj|| = 1 for those «. Thus the previous estimate for \\Ax\\ can be further rewritten 

3+1 3+1 
||Ac|| < 2-( J+1 ^x^|a 4 | < 2- ( j+V r )xJ2 2ii ~ 1) = 1? x 2-( J+1 > x (2 3+1 - 1) < 77 

i=l i=l 



and this concludes the entire proof. 



□ 



The next lemma shows that operator compositions supply an abundance of operator sequences 
that are strictly singular 0— adjusted with the null operator. This way strictly singular adjustment 
resembles the ideal properties of strictly singular operators (see P. Aiena [TJ and J. Diestel, H. 
Jarchow, A. Pietsch [3]). 

Lemma 3.4.8 (Strict Singularity of Composition Operator Sequences). Let W, X, Y and Z are 
Banach spaces with three sequences of linear operators (S n ) N ' C B(Y, Z), (A n )^i C B{X,Y) and 
(T„V CB(W,X): 

T A <? 

W > X " > Y » Z. 

Suppose that lim \\S n \\ — s < 00 and lim ||T n || = t < 00. Then the following propositions are true: 

1. If TSS\ n > [A n , 0] = 0, then FSS\ N > [A n o T n , 9} = FSS\ N > [S n o A n , 9} = 0. 

2. If SS\ N , [A n , 9} = 0, then SSX N > [A n o T n , 9} = SSX^ [S n o A n , 9} = 0. 



3.4 Strictly Singular Uniform X— Adjustment for Sequences of Operators 
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Proof. Suppose that ,F<S«SA N ' |/1„, 0] — and let us prove that FSS\rf[A n oT n , 9] = 0. Con- 
sider e > and a subsequence of finite-dimensional subspaces (K n ) N n -< (G j 4 ?i0 t„)n" f rom the 
product space W x Y such that dimK n — > oo - we need to find a subsequence of subspaces 
(X ra ) N '» -< (K n ) N » such that dimL n — > oo and A N " [L n , {0}] < e. Define subspaces Y„ as images of 
natural projections from K n into Y and W n as images of natural projections from K n into for 
each n £ N . Then, since dimif n — > oo, it must be that either limdim Y„ < oo or limdim Y„ = oo. 
In the former case each K n becomes a graph of a finite rank operator for large enough n £ N , so 
define each L n as a graph of such finite rank operator restricted to its kernel - obviously kernel 
dimensions approach infinity, therefore limdimL„ — > oo and at the same time each L n is a graph 
of a null operator. Therefore A N » [L n , {8}] = < e. 

In the latter case of dim Y n — > oo consider subspaces P n C Ga„ defined as the graphs of restric- 
tion operators A n \ A -i/ Y ) n w ^ or eacn n £ N - from assumption it is obvious that dimP„ — > oo. 
Therefore, since TSSX^f [A n , 9] — 0, there exists a subsequence of subspaces (Q n ) N '" -< (-Pn)^'" 
such that dim Q„ — > oo and that A N "' [Q n , 0] < e/3 where /3 = max ( t ■ Let R n be an image of a nat- 
ural projection from Q n into X - obviously dimi?„ — > oo. Now define 6"„ = W n n T^ 1 (R n ) C 
and consider restriction operators y„ = A n o T n \s n for every neN - obviously dimGy n — ► oo 
since dimi?„ — > oo; also from our construction (Gy n ) N "' -< (K n ) N >» . We shall prove that 
A N "' [Gy n , {9}] < £ - this will mean that FSS\ N > [A n oT„, 0] = 0. Let (u>„, A„ o T„«;„) N / 4 < (Gv n ) N ' 
be a unit sequence of vectors. Let ct n — max(||T„w n || , \\A n o T n w n \\) for each neN 4 and consider 
a unit sequence (a~ 1 T„w„, ol^ 1 A n o T„u>„) N ' 4 < (Qn)®'*- Since A N "' [Q n , {#}] < £/? there exists 
a subsequence N 5 and a vector y £Y such that lim ngN ' 5 ||a^ 1 A„ o T n w n — y|| < £/3. By con- 
struction ct n < ma,x(t, 1) = /3 _1 , hence there exists a subsequence (a„) N ' 6 — > a < Therefore 
lim ngN ' 6 || A„ o T„w n - CM/H < £ which proves that A N '» [Gy n , {#}] < e. 

In order to prove that J^SSX^i [S n o A n , 9] = from the second equality let w > 0, 
£ € (0, min(l, ws" 1 )), then choose three positive numbers 7, 77 and v so that 7 + » + z/ < £2 _1 and 
consider a subsequence of subspaces (K n )^" from (Gs n oA n )®" such that dim K n < 00 for all n £ N" 
and lim neN » dimi^ = 00 - our goal is to find a subsequence of subspaces (L n ) N m -< (lf n ) N /» such 
that lim ngN "' dimi„ = 00 with the property A N "' [L n , {8}] < 10. Let X n be the image of a natural 
projection of K n onto X - obviously dimX„ — > 00. Let £?„ be a restriction of A n onto X n . Obvi- 
ously dimGs n — ► 00. Therefore there exists a subsequence of subspaces (H n ) N "> -< (Gs n ) N "/ such 
that dim_ff„ — > 00 and that A N '» [H n , {8}] < 7. Obviously each H n is a graph of some operator 
A n which is a restriction of the original operator A n so that A N "' [A n , 9] < 7. As the main step in 
our proof we will establish existence of a subsequence of subspaces (A„) N ' 4 -< (dom(A n )) N u such 



that limdimiiom(yl n )/X n < 00 and that lim 



A n \x n 



< £. Suppose to the contrary that such a 



subsequence does not exist - we shall then build a sequence of unit vectors (x„) N < 4 < (dom(A n )) f 
and a sequence of subspaces (Y n ) fi u C Y by induction like this: 



• According to our assumption there exists a unit vector x m £ dom(A ni ) such that 

A ni x ni > e for some n\ £ N . Using Hahn-Banach theorem find a unit functional f ni £ Y* 

such that f ni (A ni x ni ) = A ni x ni . Then let y ni = A ni x ni and Y ni = Ker(f ni ) - obviously 
dist((3y ni ,Y ni ) > f3s for any (3 > and dist(\\y ni \\~ y ni , Y ni ) = 1. 

• Suppose that for some k > 1 we have already built a set of unit vector {x ni , x nk } C X and 
a set of subspaces Y D Y m D ... D Y Uk such that x ni £ dom(A ni ), y ni = A ni x ni , 
Y m = sp{y ni+1 } @ Y n . +1 and dist((3y ni ,Y n .) > /3e for any (3 > and dist(\\y n . || _1 y rH , Y n .) = 1 
for all i = 1, k — 1. Obviously dim dom(A nk / A^ (Y nk )) < nk for each n £ N - therefore 
by assumption there exists some rik+i £ N , rife+i > rik and a unit vector x Uk+1 £ A~^(Y Uk ) 



such that 



A nk+1 x nk+i 



> £. Denote y nk+1 = A nk+1 x nk+1 - by the Hahn-Banach theorem 

there exists a unit functional /„ fc+1 £ such that fn k+1 yn k+1 — \\yn k+1 \\, so set 
^n fc +i = Ker(f nk+1 ). Obviously Y nk = sp{y nk+l } ®Y nk+l and dist(/3y nk+1 , Y nk+1 ) > f3e for 
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any (3 > and dist( 1 1 y„ k+1 \ \ y nh+1 ,Y nk+1 ) = 1. 

Now define a sequence of just built numbers N 4 = {m, rife, ...}. Then for each n G N 4 define 
/3„ = max(l, ||y n ||) and consider a unit sequence 

Since A N "' [A n , 9] < 7 there exists a subsequence N 5 and a vector y S Y such that 

lim \\Pn l Vn -V\\ < 1 + 

N 5 

Applying the triangle inequality for large enough n > m from N 5 and taking into account the 
choice of numbers 7, n and v estimate 

\PmVm - Pn X Vn\ = WPmVm - V - P^Vn + v\\ < \\fi?Vm ~ y\\ + {{P^Vn ~ y\\ 

< 7 + r] + ^ + 7 + 77 + 1/ = 2x(7 + ?7+^) < e. 
At the same time by construction 

\\PmVm ~ Pn l Vn\\ > Pm x £ - 

Thus from the above two inequalities obtain 

Pm x e < e. 

If WUmW < 1 then p m — 1, therefore e < e which is a contradiction. So it must be that ||y TO || > 1 - 
then it follows that /3 m = ||y m || and therefore from the construction 



£ > WPmVm - P n l Vn\\ = hmW 



P^Vr, 



> 1 



which contradicts our choise of e < 1. Thus we have proved that our assumption is incor- 
rect, and, therefore there exists a subsequence of subspaces (A„) N "' -< dom(A n ) N i" such that 



lim dim dom(A n ) / X n < 00 and that lim 



A, 



A" 



< e. Therefore, lim 



S n A n \ X „ 



< us by the 



choice of e < ujs 1 and due to the condition lim \\S n \\ = s < 00. Thus, if we choose L n = G s Q ^ , 
it is clear that (L„) N "' -< (K n ) N >", lim n£N '" dimL n = 00 and A N '"[^n,{^}] < w which concludes 
the proof of the second equality from proposition 1. 

We omit the proof of the proposition 2 as it is practically the same as the just concluded proof 
of the proposition 1. □ 



4 Semi-Fredholm Stability 

In this section we prove stability of lower semi-Fredholm pairs and of operators under lower strictly 
singular A— adjustment. Let us start with some preliminaries and a few lemmas that will be used 
in that proof. 

4.1 Preliminary Lemmas 

The following concept of gap between two subspaces of a Banach space had been introduced by 
M. G. Krein, M. A. KrasnosePskiT, D. P. Mil'man in [TT] (see also M. I. Ostrovskii [TJ] and T. 
Kato [10]) - it can be seen as a measure of an 'angle' between two subspaces: 

Definition 4.1.1 (Gap between Two Subspaces of a Banach Space). Recall that if x is a vector 
from a Banach space X , and P is a closed subspace of X, then distance from x to P is defined 
as dist{x, P) := inf{||x — y\\ \ y G P}; if M, P are two closed subspaces of a Banach space X then 
the gap 6(M, P) between M and P is a real non-negative number defined as 

S(M,P) := swp{dist(x, P) \ x G M, \\x\\ = 1}. 



4. 1 Preliminary Lemmas 
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The concept of uniform A— adjustment is weaker than the concept of gap distance (see [2]) 

\rf[M n ,P n ] < lim S(M n ,P n ). 

The following theorem due to I.C. Gohberg, M.G. Krein from [5] had become a fundamental tool 
in the research of (semi-)Fredholm stability: 

Theorem 4.1.2 (The Small Gap Theorem). Let M and N be two sub spaces from a Banach space 
such that S(M,N) < 1. If dim M < oo then dim M < dim TV. 

This theorem is used in order to prove the following technical lemma: 

Lemma 4.1.3. Let (M„) N < and (iV„) N ' be two sequences of subspaces from a Banach space. 
Suppose that lim ngN ' <5(M„, N n ) = and lim neN ' dim M n — oo. Then there exist two subsequences 
of subspaces (iJ„) N ' -< (M„) N ' and (G„) N ' -< (iV n ) N ' such that dimP n = dimG n for all n £ N 1; 
lim nel< dimH n = 00 and lim „ e N; S i H n, G n ) = lim ngN / S(G n , H n ) = 0. 

Proof. Since lim ngN / dimM„ = oo we can choose a subsequence N — {rii < ... < < ...} C N 
such that dimM nj . > k for each k £ N. Since lim neN ' S(M n , N n ) = we can choose a subsequence 
N = {mi < to 2 < ... < mfe < ...} C N such that dimM mfc > k and 

S(M mk ,N mk ) < (Hir 1 x2-< w > 

for each k £ N. 

Since dimM mk > k we can choose a unit vector ai £ M mk and since 
S(M mk , N mk ) < (k + 1) _1 x 2~( fe+1 ) we can choose a vector £ N mk such that 

Vm h -yl k \\ < (Hi)- 1 x2-(w> 

for each k > 2. By the Hahn-Banach theorem there exists a unit functional f\ £ M* such that 
ll/fc^mjl — 1 'with the kernel space if* C M mk . Obviously M mk — sp{x] rik } Km k > so we can 
define a projection P^ : M mk — ► sp{xl n } such that \\P^\\ — 1, P^z = (f^x)x and Ker(P^) — K]n k 
for each k > 2. 

Obviously dim l^QL. = — 1 for each k > 2. Therefore, for each fc > 3 we can apply the same 
reasoning and choose a unit vector xf rik £ Km k and a vector y^ lfc £ N mk such that 
\\ x m k ~ Vm k \\ <(k+ 1) _1 x 2~( k+1 \ Also, applying the Hahn-Banach theorem we can find a 
unit functional /| £ K,* k such that ||/fc3!jL,ll = 1 with the kernel space C M mk . Obviously 
K L k = s P{ x l lk } © so we can define a projection P fc 2 : -> sp{xl lk } such that ||P fc 2 || = 1, 

Plx = {flx)x and Ker(P^) = K 2 mk for each k > 3. 

Naturally following this process we end up with the following objects for each number k > 2: a 
set of linearly independent unit vectors {x} nk , £ M mk and a set of vectors 

{ym fc >->2/mJ e iV„ lfc such that 

IK-24J < (Hl)- 1 x2-(W> 
for each z = 1, k, as well as the set of unit projections 

^~m fe '■ s P{ x m k i ■■■i x m k } * s P{ x m k } 

such that fcer(P, l „ fc ) = spja;^ 1 , } for each i = 1, k — 1. Let J* be a an identity operator 
for the space sp{x\^ k ^ i^J for each i = l,...,fc— 1 and consider any vector 
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x = J2i=i a i x m k e s P{ x m k > ■■■> x m k }- Estimate each a{: 



II m k 


o (p- 1 - P'" 1 ) 

\ M mt, - 1 m fc ^ 




0*11 
















i-l 


< \\P l 
— II rn k 


X 


- 


pi-3-j 
wife / 


x || ac 


| < 1 X 


(TT Hp~ j - p i_i ll) 






3=1 








3=1 


i-l 














± OKI 


p—3 

m k 


II + l|P i_i l 

II ' II mis 1 


))x||x|| < 


(It 2) x 




3=1 










3=1 





X X 



therefore 

A' 



< (]T2 l )x|M| < 2 fe + 1 x||z||, 



i=l 



(1) 



Ej=i l a »l 
2 fc+l 



< X 



Now consider pairs of subspaces i/ m( . = sp{a;* 



and estimate the gap 5(G mk , H„ lk ) between G mk and H mk . Take a unit vector y 6 G mfc - let us 
calculate y's distance from H mk . li y — Y^i=x a iVrn k then take a vector from x £ H„ lk such that 
x = Ylj—i OiiX % mk and evaluate its norm: 

IMI = \\ x + y -y\\ = 



k k k 

Y a i X m h + Y a iym k ~ Y a - U 



< 



k 

Y a ^ 



i=l 



i=l 
k 



m k / j "!»ra t 
i=l i=l 



y ] a i x m k y ] a iUm k 
i=l t=l 



= llvll + 



X]«i(^m fc -VnJ 



(2) 



< 1 + ENIK*-Wmj| < 1 + (El^D X ( A: + 1 ) _l2_(fc+1) - 
i=l i=l 

Combining estimates for x's norm from ([lj and (|2j calculate further: 

< i + QTKDxtfc + i)-^ 1 , 



(^M) x (2-( fe+1 ) -(fc + l)"^-^ 1 )) < 1, (3) 
2 fe+1 + l) 



<=i 



Finally we can estimate using (|3 
dist(y,H mk ) < \\y-x\\ = 



k k 

Y a ^m h ~ Y a ^ 

i=l i=l 



< 



5> 



H\ \\Vi ~ aft | 



< (V | ai |) x (jfc + l)-^-^ 1 ) < 2fc+1 ( fc+1 ) x(fc + l)- x 2-( fc+1 ) 



t=l 



therefore 



S(G mh ,H mk ) < -. (4) 



4. 1 Preliminary Lemmas 
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Now estimate the opposite gap S(H mk , G mk ) by taking a unit vector x — Yli=i a i x m k G Hm k and 
evaluating its difference with y = X}j=i a iVm k e G„ lk using (JT|: 



dist{x,G mk ) < \\x-y\\ 



fe fe 

Jm k 



^ ] a i x m k ^ ] ^iVr) 
i=l i=l 



fe 

< ^ \a>i\ \\xi - y*| 



< (^|oi|) x (fe + l)"^-^ 1 ) < 2 fc+1 x (fc+l)-^-^ = (fc+1)- 1 , 



i=i 



therefore 



S(H mk ,G mk ) < — j-y. (5) 

Now denote Ni := N = {mi < 771,2 < ■•■ < "7fe < ■•■}• Then from ^ and (|5j it follows that 

Urn 5(H n ,G n ) = Um 5{G n ,H n ) = 0. 

From the above formula and from the fact that dim H mk = fc, as well as from the small gap theorem 
4.1.2 applied to pairs of subspaces (H mk ,G mk ) it follows that 



dimi?„ lfc = dxmG mk = k 

for fc £ N - this concludes the proof of the lemma. □ 

The next lemma investigates the structure of a pair of subspaces which sum is not closed: 

Lemma 4.1.4 (Having a Not Closed Sum is an Inherent Property). Let (M,N) be a pair of 
closed subspaces from a Banach space such that they have no common non-null elements, i.e. 
M H N = {6}, and such that the sum of M and N is not closed, i.e. M + N ^ M + N. Then 
there exists a pair (H, G) of infinite-dimensional closed subspaces H C M, G C N such that for 
any infinite-dimensional subspace K C H there exists an infinite-dimensional subspace L C G such 
that the sum of K and L is not closed, i.e. K + L ^ K + L. Moreover for any e > one can 
choose subspaces H and G so that max(<5(i/, G), S(G, H)) < e; also subspace L can be chosen so 
that max(S(K, L),S(L, K)) < e. 

Proof. First we build by induction a system of the following objects: a sequence of decreasing 
closed subspaces M = Mi D D ... D M n D ... and a sequence of unit vectors (x n )m < (M„)n 
such that Mi = sp{x{\ © Mj+i and dist(xi, Mi_|_i) = 1 for each i £ N, as well as a sequence of vec- 
tors C N such that \\xi — Ui\\ < 2~ 2 ' for each i £ N. For that consider a continuous linear map 
#1 : M X N -> M + N defined as *i : (x,y)^ x- y. Since M n N = {6} and M + N ^ M + N 
we conclude that ^1 is an injection and that the image of ^1 is not closed; therefore, by the 
open mapping theorem for every e > there exists a unit pair (x, y) £ M x N such that ||x|| = 1 
and ||a; — y|| < e. Thus, for the first induction step choose a unit pair (xi,yi) £ M x N such that 
||xi|| = 1 and \\xi — yi\\ < 2~ 2 ; then denote Mi = M and by the Hahn-Banach theorem choose 
a closed subspace M 2 as the kernel of a continuous unit functional fx £ M^ such that f\Xx = 1. 
Now suppose that the first 77 + 1 closed spaces M, and the first 77 vectors x,, y\ have been already 
built. Since dim M/M n = 77 and M + N =/= M + N we shall conclude that M n + N ^ M n + N. 
Then, again as in the first step, with the help of the open mapping theorem applied to the natural 
linear map ^„ : M n x TV — > M n + N defined as ^> n : (x, y) 1— > x — y we might choose a unit vector 
x„_|_i £ M n and a vector y n +± £ N such that ||x„ + i — y n +i|| < 2~ 2< - n+1 \ Then by the Hahn- 
Banach theorem choose a closed subspace M n+ 2 as the kernel of a continuous unit functional 
fn+i £ such that f n +i%n+i = 1 which concludes the induction step. 

After that, define the sequence of subspaces M D Si D £2 3 ... D S n D ... as 
S n = sp{x n , x n _|_i, ...} C M n ; then define identity injection maps I n : S n —* X and linear maps 
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A n : S n —> N by setting A n :J2> 



l 3 J/ 3 



a jUj- Out goal is to prove that each operator A n is a 



continuous isomorphism and that ||7„ — A n \\ < 2 2n . For that consider the sequence of projections 
P n : M n — > sp{x n } with the kernels Ker(P n ) = M n +i for each n £ N - from the above construction 
it is clear that ||P n || = 1 for each projection P n . Then for each vector x = J^_ a n+iX n +i S S n 
estimate its components a n +i for each i = 0, k like this: 



|a n +i| = \\P n ° (In - Pn+l) ° — ° (In+i-l - Pn+i)x\\ 
i-1 



< WPJ X 



XlUn+j — Pn+j + 1, 



3=0 



X X = 1 X 



JJ(Al+j — Pn+j + 1, 



3=0 



X ||*|| 



< (II H J n+i - P n+3+l\\) >< IMI < (Ildl^ll + W P n+j+l\\)) * 11 = 11 
3=0 3=0 
i-1 

= ([[2)x\\x\\ = V-^xWxW. 

3=0 



Based on that get the desired estimate ||7„ — A n \\ < 2 



\\x - A n x\\ 



^ ^ Qn+iXn+i ^ ^ ^n+iVn+i 



i=0 
k 



i=0 



< 



i=0 



< ^|a„ +4 | x 2- 2 (" +l ) < ^2 i_1 x x 2- 2 ("+^ = (^V 2 "- 4 " 1 ) 



x x 



i=0 



i=0 



i=0 



2 -an-i x (^V J ) x ||x|| < 2" 



-2n-l 



X 2 X ||x|| 



-2n 



X ||x|| 



i=0 



Since all /„ and A n are bounded linear operators each defined on S n and since N is a closed 
subspace, we may extend each of them by continuity onto S n (the closure of S n ): I n to identity 
operators /„ : S n — > S n and A n to A„ : 5„ — > JV for each n € N. Obviously the just proved estimate 



remains true for the extensions, that is 



A r 



< 2 



-2n 



Also note that it follows from the 



properties of the above inductive construction that Si = sp{xi, ...,x„} S n which implies that 
dim Si/S n = n. 

Now for every n 6 N denote H n — S n C M and G n = A n (H n ) C N. We shall prove that if 
2~" < e then the pair of subspaces (H n , G n ) satisfies the conditions of the lemma. First note that 
H n is an infinite-dimensional closed subspace by the previous construction. At the same time 
I n — A n < 2~ 2n while I n is an isomorphism of norm 1, therefore due to the stability of the 
isomorphism perturbed by a small norm operator we conclude that A n is also an isomorphism and 



S(H n ,G n ) = S(I n (H n ),A n (H n )) < 
5{G n ,H n ) = 6(A-\H n ),I n (H n )) < 



A r . 



< 2~ 2n < 2~ n < s, 



1 


A n 




A n 





-2n 



1-2 



-2 ii 



< 2~ n < e. 



(6) 



Therefore G n — A n (H n ) is a closed subspace and max(5(H n , G n ), S(G n , Hn)) < £■ 

Now consider any infinite-dimensional closed subspace K C H n - our goal is to find an infinite- 
dimensional subspace L C G n such that the sum of K and L is not closed and 
max(S(K, L), S(L, K)) < e. For that choose L to be the image of K, that is set L = A n [K) - 
since A n is an isomorphism, L is a closed infinite-dimensional subspace from G n C N and the gap 
estimate max(S(K, L), 5(L, K)) < e is true as in d6}. 



4.2 The Main Stability Theorem 
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Now let us prove that K + L ^ K + L. Since K PI L = {8} we may consider, as in the above in- 
ductive construction, a natural linear injection $:ifxL^if + L defined as \? : (x, y) i— > x — y. 
According to open mapping theorem it is sufficient to prove that for every 7 > there exist a unit 
pair vector (x,y) € K x L such that \\x — y\\ < 7. Let m > n, m € N such that 2~ 2m < 7. Con- 
sider the space K m = S m D K. Since dimX = oo, K C S n and by construction 
dim S n /S m = tn — n < 00, it is clear that dimK m — dim5 m PI K = 00. Therefore, we may choose 
any unit vector (x, A m x) € K m x A m {K rn ) C K x L and let y — A m x € L. By the previous norm 
estimate 



VII 



Ar. 



< 



Ar. 



x IMI < 2- 



-2m 



X 1 < 



7 



which concludes the proof of the entire lemma. 



□ 



4.2 The Main Stability Theorem 

At this point we have gathered almost all the technical facts needed for the proof of semi-Fredholm 
stability. As the final preliminary step we recall some technical considerations from j2]. Let 
M, N and S be three closed subspaces from a Banach space X such that [3] M + N = M + N, 
M + N = (M n N) © S. Consider a natural mapping 

$ : n = MnS x MnN x Nns -> m + n 

<& : (u,t,v) — > u + t + w. 

Define a complete norm on II 

||(it,*,u)|| = max{||u|| , ||t|| , \\v\\}. 

Then, since 

M + N = M + N = (MnN)®s = Mns e MnN e NnS, 

it is clear that $ is a continuous bijection from the Banach space II onto the Banach space M + N. 
Therefore, according to the open mapping theorem operator <I> _1 is a continuous operator. Let us 
denote <ps(M, N) := 

Also recall that a pair of closed subspaces (M, N) from a Banach space X is called lower 
semi-Fredholm if the sum of M and TV is closed, i.e. M + N = M + N, and if its lower defect 
number a(M, N) :— dim(M n N) is finite. Note that for a lower semi-Fredholm pair there always 
exist many closed subspaces S such that M + N = (M n N) © S. Therefore, denote 

tp(M, N) := mi{ip s (M, N) \ M + N = (M n N) © S}. 

What follows is the final technical lemma which proof can be found in Theorem 2.5.1 from |2]: 

Lemma 4.2.1. Let M, N be two closed subspaces from a Banach space X such that 
M + N = M + N. Let (M„) N ' , (iV n ) N ' are two sequences of closed subspaces from X, and set 

A M = A N < [M n , M), X N = A N -[iV n ,JV]; 

then the following propositions are true 

1. Suppose that M + N = (M n N) © S and define a real number 

u s (M) = 2 x (A M + tp 8 (M,N) x (A M + \ N ))- 

If (iJ„) N " is a sequence of closed subspaces, H n C M n for all u6N and 6(H n ,N n ) — > 0, 
then 

X^[H n ,MnN] < ujs(M). 



16 



4 SEMI-FREDHOLM STABILITY 



2. Suppose that pair (M, N) is lower semi-Fredholm and define a real number 
uj = 2 x (min(A M , X N ) + <p(M, N) x (Am + X N )). 
If lo < 1/2, then there exists a closed subspace S such that M + N = M D N © S and 

lo s {M) = 2 x {\ M + ip s (M,N) x {X M +X N )) < -. 

Proof. Proposition 1 is true due to proposition 2 from Theorem 2.5.1 from [2J. The proof of the 
proposition 2 can be found in the proof of the proposition 1 from the same Theorem 2.5.1 from 
0. □ 

We are now ready to formulate and prove the lower semi-Fredholm stability theorem for pairs 
of subspaces: 

Theorem 4.2.2 (Lower Semi-Fredholm Pairs are Stable under Singular Adjustment). Let (M, N) 

be a lower semi-Fredholm pair of closed subspaces in a Banach space X. Let (M„) N ', (N n ) N ' are 
two sequences of closed subspaces from X, and set 

TSSX M = FSS\ n > [M n , M] , TSSX N = TSSX N , [N n , N] ; 

55 Am = SSX W [M n , M], SSX N = SSX W [N n , AT] ; 
then the following propositions are true 

1. Define a real number 

TSSui = 2 x {Tam{rSS\M,rSS\ N ) + <p(M, N) x (FSS\ M + FSSA N )). 

If J-SSuj < 1/2, then for large enough n G N pairs (M n ,N n ) are also lower semi-Fredholm 
and 

lim a(M n ,N n ) < oo. 
neN' 

2. Define a real number 

SSu = 2 x (mm(SSX M ,SSX N ) + <p(M, N) x (SSX M + SSX N )). 
If SSlu < 1/2, then for large enough n € N pairs (M ni N n ) are also lower semi-Fredholm. 

Proof. In order to prove proposition 1 we first prove that for large enough n € N defect numbers 
a(M n , N n ) — dimM n n N n are finite and limited from above. In order to do that assume the op- 
posite - then there exists a subsequence N C N such that (dimM n n N n ) neN >> — > oo. According 
to the condition of the theorem we can choose a real number e > such that 

1 - 2 x TSSuj 
4x (lTp^jj' {7) 

since M n n N n C M n for each n S N , by definition of finitely strictly singular uniform A— adjustment 
there exists a subsequence of finite-dimensional subspaces (G n )w" -< (Mn H ^V„) N " such that 
(dimG„)„ eN " -> oo and that A N /» [G n , M] < FSSX N < [M n , M] + e. Since G n C M n n N n C N n for 
each n E N , again by definition of finitely strictly singular uniform A— adjustment there exists a 
subsequence of subspaces (H n )^r 4 -< (G n ) N ' 4 such that (dim7J n ) neN / 4 — > oo and that 

X N := X n u[H n ,N] < FSSX^[N n ,N]+E = TSSX N + e. 

At the same time, since (H n )wi ~< (G„) N ' 4 and by the choice of (G n ) N "< we can write 

Am := X n u[H n ,M] < A N -[G„,M] < TSSX w [M n , M] + e = FSSX M +e. 



4.2 The Main Stability Theorem 
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From the above two inequalities, from the choice of e and from the condition of the theorem we 
can estimate 

uj = 2 x (min(A M , Ajv) + tp(M, N) x (\ M + \ N )) 

< 2 x (xmn^SSXM + e, FSS\ N + e) + <p(M, N) x (min(J r «S«SA M + £ + J-SSAn + e)) 
= 2 x (min(J"55Aji/, FSS\ N ) +e + ip(M, N) x (FSS\ M + FSS\ N ) + 2<p(M, N)e) 
= 2x (min(^<S<SAM, FSS\ N ) +(p{M,N) x {FSSA M + TSSA N )) + 2s (1 + 2y{M,N)) 

= + 2e(l + 2v>(M, 2V)) < JRSSw + 2 x ^^A^V)) X (1 + 2 ^ (M ' N)) 

= TSSuu+- -TSSuj = -. 

2 2 

Therefore, we may now apply proposition 2 from the previous lemma [4.2. 1| in case of the pair of 
sequences where each sequence is the same 4 and find a closed subspace S C X such that 

X = M H N ® S and that 

w s (Af) = 2 x (A M + tp s (M, N) x (A M + \jr)) < \- 

Due to above inequality and since obviously 8(H n ,H n ) = 0, we may now apply proposition 1 of 
the same lemma [4.2.1 1 and conclude that 

\ N ,4H n ,MnN] < 

Therefore, since dimA/n N < 00, by the small uniform adjustment theorem 2.2.2 from [2] we 
conclude that dimensions of all subspaces H n are limited from above by a finite number which 
contradicts our choice of dim_ff„ — * 00. Therefore our assumption that there exists a subsequence 
N C N such that (dimM„ n N n ) nefi >> — > 00 is incorrect and we shall conclude that for large 
enough n € N the defect numbers a(M n , N n ) which are the dimensions of subspaces M n n N n are 
limited from above by a finite number. 

In order to conclude the proof of the proposition 1 we shall establish that M n + N n = M n + N n 
for large enough n E N . In order to do that assume the opposite and choose a subsequence 
N C N such that M n + N n ^ M n + N n for each n € N . Then, we are going to build a number 
of sequences of subspaces through the following steps: 

1. According to theorem 4.19 from [10 , page 226, there exist infinite-dimensional subspaces 
H n C M n such that S(H n , N n ) < nT 1 . Therefore, we can choose a sequence of finite-dimensional 
subspaces (G n ) N » -< (H n ) N » such that (dimG n ) N » — + 00 and S(G n , N n ) N " — * 0. 

2. Now choose a real number e as in formula Q above and recall that by definition of finitely 
strictly singular uniform A— adjustment there exists a subsequence of finite-dimensional sub- 
spaces (K n )w" -< (G n ) N " such that (d\mK n ) neN '" ~ > 00 an d that 



\ n r„[K n ,M] < TSS\ n >[M ni M]+e. (8) 



Obviously 8{K ni N n ) n n, — > 0, hence by the previous lemma 4.1.3| there exist two subsequences 
of subspaces (L„) N ' 4 ~< (K n ) N u and (P n ) N u -< (iV n ) N '4 such that dimL„ =dimP„ for all 

n G N' 4 , lim n6N / 4 dimL„ = 00 and lim neN ' 4 S(L n , P n ) = lim neN ' 4 5(P n , L n ) = 0. 

Again by definition of finitely strictly singular uniform A— adjustment there exists a subse- 
quence of finite-dimensional subspaces (Q n )w5 -< (-fn)^' 5 sucn that (dim <2n) n eN' 5 ~~ ¥ 00 anc ^ 
that 



A N ' 5 [Q„,A^] < FSSX N ,[N n ,N]+e. (9) 
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5. Obviously lim ngN ' 5 S(Q n , L n ) = lim wFN / 5 S(P n , L n ) — since (Q n )w5 ~< (-Pn)rj' 5 ) therefore ap- 



plying the previous lemma 4.1.3 this time to the pair of sequences of subspaces (Q n , £ti)n' 5 
we can find two subsequences of subspaces (R n )w6 ~< (Ln)w'e and (T n )w6 -< (Qn)m'e such 
that dimi?„ = dimT„ for all n £ N 6 , lim neN ' 6 dimi?„ = oo and 

lim 5(R n ,T n ) = lim S(T n ,R n ) = 0. (in) 

nSN' 6 neN'6 v > 

The following two lines summarize the inclusion relations between the subspaces in our construc- 
tions: 

(-Rn) N 's -< (Ai)n'4 < (K n ) N >» -< (G„) N » -< (H n ) n » -< (M n ) N / 

Combining the above relations with the previous estimates [8] and [9] we come to the estimates 

A M := A N ' 6 [i?„,A/] < A N -[X„,M] < FSS\ n > [M n , M] + e = FSS M + e, 
\ N := A N ' 6 [T„,7V] < A N - 5 [Q„,iV] < FSS\ w [N n ,N] + s = TSS N + e. 

Now define 

uj = 2x(rmn{X M ,X N )+ip{M,N)x(X M + X N )). 
According to our choice of e from ([7} we can estimate uj < 1/2 as before. Therefore, we can apply 



proposition 2 from the previous lemma 4.2.1 to two sequences of subspaces (i? n ) N 'e and (T„) N ' 6 



and choose a closed subspace S C X such that M + N — M D N (B S and 
lo s {M) = 2 x (A M + tp s (M, N) x (A M + X N )) < -. 



Now taking into account the gap estimate from ( |10| we may apply proposition 1 from the same 
lemma 13. 2. II and conclude that 

X n , s [R n ,M] < u s (M). 

Therefore A N ' 6 [R n , M] < 1/2, hence since dim M n < oo, by the small uniform adjustment theo- 
rem 2.2.2 from we conclude that dimensions of all subspaces R n are limited from above by a finite 
number for large enough n G N 6 which contradicts our construction in step 5 as dim R n —> oo. 
Therefore the assumption that there exists subsequence N CN such that M n + N n ^ M n + N n 
for each n £ N is incorrect which means that M n + N n = M n + N n for large enough n € N which 
concludes the the proof of the theorem's proposition 1. 

We are now commencing the proof of the proposition 2. First we establish that dim M n n N n < oo 
for large enough n £ N . In order to do that assume the opposite - then there exists a subsequence 
N such that dim M n n N n — oo for all n £ N . Hence, if £ is a real number such that 

1 - 2 x SSui , . 

° < £ < 4x(l + 2y(M,jy)) ' (U) 

then since M n n N n C M„ for each n £ N , by definition of strictly singular uniform A— adjustment 
there exists a subsequence of infinite-dimensional subspaces (G„)n'" -< (M n n A n ) N » such that 
A N /« [G„, Af] < 55 A N / [M n , M] + e. Since G n C M„ n iV„ C A„ for each n £ N'", again by defini- 
tion of finitely singular uniform A— adjustment there exists a subsequence of subspaces 
(H n )w4 ~< (G„) N ' 4 such that (dim i/„) ngN '4 = oo and that 

A at := \ N ,4H n ,N] < SSX N >[N n ,N] +e = SSX N + e. 

At the same time, since (iI n )N'4 -< (G n ) N u and by the choice of (G n ) N '" we can write 

Am := X N u[H n ,M] < \ N »> [G n , M] < SSX w [M n ,M]+e = SSX M + e. 



4.2 The Main Stability Theorem 
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From this point we may continue the proof exactly as in the previous proof for finitely strictly sin- 
gular case and come to a contradiction. Therefore, we must conclude that that dimM„ n N n < oo 
for large enough n £ N . 

We are now left to prove that M n + N n = M n + N n for large enough n £ N . First note that 
since dim M n n N n < oo for large enough n £ N there exist closed subspaces S n C X such that 
(M n n N n ) © S n — X for the same n. Therefore, it is enough to prove that 
(M n n S n ) © (N n n S n ) = (M n n S n ) © (N n n S n ) for large enough n £ N'. Thus, since 
(M n n S n ) n (N n n S n ) = {8}, from now on we may safely assume that M n n N n = {6}. 

Now assume the opposite - then there exists a subsequence N cN such that 
M n + N n ^ M n + N n for all n £ N . Then proceed building sequences of closed infinite-dimensional 
subspaces in the following steps: 



1. For each such n choose two closed subspaces H n C M n and G n C N n as in lemma 4.1.4 such 
that max(5(iJ„, G n ), S(G n , H n )) < nT 1 and that H n + G n ^ H n + G n . 



2. Choose a real number e as in formula (111 above and recall that by definition of strictly 
singular uniform A— adjustment there exists a subsequence of infinite-dimensional subspaces 
(K n ) W " -< (H n ) N " such that 

\n,[K ni M] < SS\ N <[M n ,M]+e, (12) 



3. By lemma 4.1.4 there exists a sequence of infinite-dimensional subspaces (L„) N »/ -< (G n ) P 



such that max(S(K n , L n ),S(L n , K n )) < n 1 and that K n + L n ^ K n + L n for each n £ N . 

4. Again by definition of finitely singular uniform A— adjustment there exists a subsequence of 
infinite-dimensional subspaces (P n )w4 -< (L n )^'" such that 

X N := X N u[P n ,N] < SS\ N ,[N n ,N]+e. 

5. Then by lemma |4.1.4| there exists an infinite-dimensional subspace Q n C K n such that 
max(5(Q„, P„), S(P n , Q n )) < n~ l and that Q n + P n ^ Q n + P n for each neN 4 . From the 



last inclusion Q n c K n and from inequality ( 12 I it follows that 



Am := X N u[Q n ,M] < \ N ,„[K n ,M] < SS\ fi > [M n , M] + e. 

From this point we may follow the final part of the proof of the proposition 1 applied to sequences 
of subspaces (P n ) N '4 and (Q n )m'4, and conclude that for large enough n £ N 4 dimensions of all 
spaces Q n are finite and limited from above which contradicts our choice in step 5 where every 
subspace Q n is infinite-dimensional. This concludes the proof of the proposition 2 and of the entire 
theorem. □ 



An immediate consequence from the above Theorem |4.2.2| is the next theorem on stability of 
lower semi-Fredholm operators: 

Theorem 4.2.3 (Lower Semi-Fredholm operators are stable under small strictly singular adjust- 
ment). Recall that if X , Y are two Banach spaces and A £ C(X,Y) (i.e. A is a closed operator 
from X to Y), then A is called a lower semi-Fredholm operator if its image R(A) is closed in Y 
and dimension of its kernel Ker(A) in X is finite. Let (A„) N ' C C(X,Y) be a sequence of closed 
operators from X to Y. Then the following propositions are trueifrom X to Y . Then the following 
propositions are true: 

• If J-SS\ N > [A n , A] is small enough, then for large enough n £ N operators A n are also lower 
semi-Fredholm and Urn dim Ker(A n ) < oo. 

• If 55 A N ' [An, A] is small enough, then for large enough n £ N operators A n are also lower 
semi-Fredholm. 
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Proof. By the standard procedure from [10] we reduce lower semi-Fredholm operators to lower 
semi-Fredholm pairs of subspaces as follows. First we consider a product space X x Y and a pair 
of its subspaces M :— X x {9} and N :— G A . Then for each closed operator A n define a closed 
subspace N n :— G An . It is clear that the pair of subspaces (M,N) from X x Y is lower semi- 
Fredholm since operator A is lower semi-Fredholm and that dimM n N = dim Ker(A). Also by 
definitions l3~4~Tl and l3~4~2l 

FSS\ n ,[A n ,A] = FSS\ N ,[G An ,G A ] = J-SSX^ [N n , N], 
SS\ N ,{A n ,A] = SS\ N ,{G An ,G A ] = SS\ n ,[N n) N]. 



Therefore, by the previous Theorem 4.2.2 if either number TSSXjq' [A n , A] or SSX N > [A n , A] is 
small enough, then pairs of subspaces (M, N n ) are also lower lower semi-Fredholm for large enough 
n E N . Thus for the same n operators A n are lower semi-Fredholm as well. Also, if !FSSX N ' [A n , A] 
is small enough, then limdimM n N n = lira dim Ker(A n ) < oo. □ 

An immediate consequence of the above stability theorem is that the dimensions of kernels 
under finitely singularly composition perturbations are limited: 

Theorem 4.2.4 (Stability of kernels of Composition Operator Sequences). Let X, Y are Ba- 
nach spaces with three sequences of linear operators (SVi) N ' G B(Y,Y), (_B n ) N ' C B(X, Y) and 
(T„V CB(X,X): 

X T " > X Bn > Y Sn > Y. 

Let A € B(X, Y) be a lower semi-Fredholm operator and suppose that lim \\S n \\ < oo, lim ||T„|| < oo 
and J-'SSXjq' [B n , 9] = 0. Then for large enough n £ N operators A + B n o T n and A + S n o B n 
are also lower semi-Fredholm and dimensions of their kernels Ker(A + B n o T n ), Ker{A + S n o B n ) 
are limited by a finite number. 



Proof. The proof follows immediately from the above Theorem 4.2.3| after noticing that 



TSSX^y [B n o T ni 9] = FSSXjfi [S n o B n , 6] = by Lemma 3.4.8| and, therefore 



TSSX^ [A + B n o T n , A] = FSSX N > [A + S n o B n , A}=0 by Remark 3.4.6 



□ 



5 Conclusion 

In conclusion we consider a weaker variant of strictly singular A— adjustment that still allows for 
lower semi-Fredholm stability and discuss some open problems related to the interplay between 
strictly singular A— adjustment and the geometry of Banach spaces. 

5.1 Relaxed Strict Singularity 

One can relax definition of number SS A N ' [M, M n ] by allowing finite dimensions of the subspaces 



-< (L n ) N ' from Definition 3.3.1 as follows: 

Definition 5.1.1 (Relaxed Strict Singularity). Let (M n ) N ' and [P n )^' be a pair of sequences of 
closed subspaces from a Banach space X, M n ^ {9} for all n £ N and X > 0. We say that (M„) N ' 
is lower relaxed strictly singular uniformly X — adjusted with (-P n ) N ' if for any subsequence of 
closed subspaces (if„) N " -< (M n ) N » such that dim K n — oo for all n G N" there exists a subsequence 
of closed subspaces -< (K n )^" such that dimL„ — > oo with the property A N <" \L n , P n ] < A. 

Let 1ZSS A N ' [M n , P n ] be the set of all such real numbers X; then the relaxed strictly singular 
uniform X— adjustment between (M„) N ' and (P n )ft J zs a non-negative real number defined as 

nSSX N ,[M n ,P n ] := mi{XeTZSSA w [M n ,P n ]}. 

One can also extend this definition to closed operators as before by considering operator's 
graphs in the product space. Then with the method used in the proof of the previous theorems 



4.2.2 and 4.2.3 it is possible to prove the following version of semi-Fredholm stability (we omit its 



proof as it is almost the same as the proof of the previous theorems): 



5.2 Strict Singularity and the Geometry of Banach Spaces 
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Theorem 5.1.2. Let X and Y be two Banach spaces. Then the following propositions are true: 

• Let {M, N) be a lower semi-Fredholm pair of closed subspaces in a Banach space X . Let 
(M„) N ', (iV„) N < are two sequences of closed subspaces from X such that both numbers 
J-SSX N '[M n , M] and lZSS\^>[N n ,N] are small enough. Then pairs of subspaces (M n ,N n ) 
are also lower semi-Fredholm for large enough n G N . 

• Let A G C(X,Y) be a lower semi-Fredholm operator and (A n ) N < C C(X,Y) be a sequence of 
closed operators from X to Y. If number IZSSX^' [A n , A] is small enough, then for large 
enough n *E N operators A n are also lower semi-Fredholm. 

5.2 Strict Singularity and Geometry of Banach Spaces 

The next lemma is an extension of the Small Gap Theorem |4.1.2| to strictly singular adjustment: 

Lemma 5.2.1 (The Small Strictly Singular Adjustment Theorem). Let (M„) N / and (P„) N ' be two 
sequences of closed subspaces from a Banach space X. Then the following propositions are true: 

1. Suppose that TSSX^i [M n , P n ] < J and that for large enough n£N dimensions of spaces 
P n are finite and limited from above, i.e. lim ngN ' dim P n < oo. Then for large enough n G N 
dimensions of spaces M n are also finite and limited from above, i.e. lim neN ' dimM„ < oo 

2. Suppose that SSX N > [M n , P n ] < i and that for large enough n G N dimensions of spaces 
P n are finite. Then for large enough n G N dimensions of spaces M n are also finite. 

Proof. In order to prove proposition 1 choose 8 G (0, \ — TSSX n ' [M n , P n \) and assume the op- 
posite - then there exists a subsequence of subspaces (M n ) N » such that dimM„ — > oo. There- 
fore, we may choose a subsequence of finite-dimensional subspaces (K n )^n -< (M„) N » such that 
dimKn-^oo. Therefore, since FSSX^/ [M n , P n ] < |, there exists a subsequence of finite- 
dimensional subspaces (L„) N "' -< (K n ) N "> such that dimL„ — * oo and that 

X N '[L n ,P n ] < FSSX N ,[M n ,P n } + 5 < l -. 

However, by the small uniform adjustment theorem 2.2.2 from j2] the last inequality implies that 
for large enough n G N dimensions of all L n are finite and limited from above - this contradiction 
means that our assumption is incorrect and therefore proposition 1 is true. 

Proposition 2 can be proved in a similar way. That is, choose 8 G [0, \ — SSX N > [M n ,P n ]] and 
assume the opposite - then there exists a subsequence of subspaces (M n ) N » such that dimM n = oo 
for all n € N . Therefore, since SSX N '[M n ,P n ] < |, there exists a subsequence of infinite- 
dimensional subspaces (L n ) N >» -< (K n ) N >» such that X N '[K n , P n ] < SSX^> [M n , P n ] + 8 < g. How- 
ever, by the small uniform adjustment theorem 2.2.2 from [2] the last inequality implies that for 
large enough n G N dimensions of all K n are finite - this contradiction means that our assumption 
is incorrect and therefore proposition 2 is true. □ 

Note that proposition 1 from the above theorem assumes that dimensions of all subspaces P n 
are limited by a finite number. This is in contrast to the small uniform adjustment theorem 2.2.2 
from [2] that does not have this limitation. This is because we do not know if the following stronger 
version of the proposition 1, similar to theorem 2.2.2 from [2], is true: 

Theorem 5.2.2 (The Strong Small Strictly Singular Adjustment Theorem). Let (M„) N / and 
(P„) N ' be two sequences of closed subspaces from a Banach space X. Suppose that 
J-SSX N '[M n , P n ] < |. Then there exists a natural number K G N such that for large enough 

n G N' 

dimM n < dimP„ + K. 
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By the method used in the proof of theorem 2.2.2 from [2] one can prove the above theorem in 
the case when X is a Hilbert space by using the fact that any subspace of a Hilbert space allows 
for a projection on that subspace of norm 1. It is also not hard to see that the validity of the 
above theorem may be established if the following statement is true which currently appears to 
us to be an open question: 

Theorem 5.2.3. Let X be a Banach space and (Af„)jj, (N n )® be two sequences of finite-dimensional 
sub spaces from X such that dim M n — dim N n — > oo (note that (N n )iq -< {M n )ii is not a require- 
ment). Let (£„)n — *■ be a sequence of nonnegative real numbers. Then there exists a subsequence 
of subspaces (K n ) N ' -< (M„) N ' such that disnK n — ► oo and dist{x,N n ) > 1 — e n for every unit 
vector x S K n for every n £ N . 

M. L Ostrovskii had mentioned in a private correspondence that this theorem may be related 
to the known geometrical results from A. Dvoretzky [3], V.D. Milman [12] and A. Pelczyriski 
[16j and that while the above theorem might not end up being true, its weaker version might be 
proved if the constant 1 from the estimate is replaced with the constant \ so that it becomes 
dist(x, N n ) > ~ — e n . 
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